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Abstract. This paper presents a topology optimization method to design the optimal layout of 
Constrained Layer Damping (CLD) material in structures subjected to harmonic excitations or 
stationary random excitations. A finite element model is used to describe the dynamic 
performances of the CLD structure. Since energy dissipation arises only from the viscoelastic 
(VEM) layer, the modulus of elasticity of the VEM layer is complex. The complex mode 
superposition method is employed to calculate the steady-state response of the CLD structure 
under harmonic excitations. According to Pseudo-Excitation Method (PEM), the vibration 
analysis of stationary stochastic excitations can be transformed to the analysis of harmonic 
excitations. The minimization of frequency response at specified one point or several points in 
structures are selected as optimization objective. The Solid Isotropic Material with Penalization 
(SIMP) method is adopted to interpolate the CLD material. The sensitivity is derived by means of 
the adjoint variable method which is more efficient than the direct variable method. The Method 
of Moving Asymptote (MMA) is used to search the optimal layout of CLD material on structures. 
Numerical examples are given to illustrate the efficiency and verification of the proposed 
approach. 
Keywords: topology optimization, viscoelastic, sensitivity analysis, stationary stochastic 
excitation, method of moving asymptote. 
1. Introduction 
Constrained Layer Damping (CLD) treatment has been regarded as an effective way to suppress 
structural vibrations and sound radiation. It has been used in some critical structures of many 
engineering fields including vehicles, airplanes, automobiles, ships. In engineering applications, the 
full coverage CLD treatments are evidently not practical in purpose due to extra mass and material 
consumption. Therefore, a partial-coverage treatment is a more attractive approach to fulfill the real 
CLD treatment requirements. Lall, Asnani and Nakra [1-2] performed more thorough analytical 
studies for partially covered planar structures. An important finding from these studies was that for 
suitably chosen parameters, higher values of the modal damping factor may be obtained for a 
partially covered beam compared to that obtained for a fully covered one under the condition of the 
same added weight of PCLD treatments. Chen and Huang [3] investigated the damping effects of 
the CLD treatment of strip type on a cylindrical shell, and discussed the influences of different design 
parameters and number of strips on vibration response of the shell with CLD treatment. Zheng and 
Zeng [4] derived the differential equations of motion of a partially covered sandwich cantilever beam 
employing Hamilton’s principle and evaluated the effects of different physical and geometrical 
parameters on resonance peaks. Blais et al. [5] calculated the transient time response of impacted 
beams with a partial CLD treatment through the Laplace transform approach.  
A lot of efforts have been carried out to improve the damping performance by means of optimal 
design of CLD treatments on structures so far. Lumsdaine [6] determined the optimal shape of a 
constrained damping layer on an elastic beam by means of topology optimization. The 
optimization objective is to maximize the system loss factor for the first mode of the beam. 
Moreira and Rodrigues [7] used Modal Strain Energy (MSE) method to optimally locate passive 
constrained viscoelastic damping layers on structures. The experimental results verified the 
effectiveness of the proposed optimization approach. Lepoittevin and Kress [8] investigated the 
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effect of segmented CLD on vibration energy dissipation and developed an optimization algorithm 
using mathematical programming to identify a cuts arrangement that optimized the loss factor. 
Zheng et al. [9] studied the topology optimization for the layout of CLD in plates to suppress 
structural vibration and sound radiation. The objective is to minimize structural modal damping 
ratio using MMA approach. Ansari et al. [10] adopted novel level set method to search the best 
shapes and locations of the CLD patches on a cantilever plate. The main goal is to maximize 
structural modal loss factor. It is found that the proposed method can increase structural modal 
loss factor significantly through the shape change from a square to a circle. Kim [11] investigated 
the optimal layout of unconstrained layer damping by using topology optimization, Strain Energy 
Distribution (SED) and the Mode Shape Approach (MSO). It is found that topology optimization 
usually provides a higher modal loss factor. Chen and Liu [12] proposed a topology optimization 
method for designing a viscoelastic cellular material. In their study, the effective behavior of 
viscoelastic materials is derived through the use of a finite element based homogenization method. 
Only isotropic matrix material was considered. Interesting topological patterns for guiding the 
viscoelastic cellular material is thus designed. Structural dynamic optimization is often considered 
as an efficient way to reduce high vibration level subject to external excitation frequencies. The 
dynamic compliance is also often selected as the objective function of structural dynamic 
optimization. Structural dynamic optimization reduces the frequency response over the whole 
structure. Furthermore, the resonance under the excitation force is suppressed and thus the global 
dynamic performance of structure is improved. Jog [13-14] proposed a method to minimize the 
amplitude of frequency response through the topology optimization of structure subjected to a 
periodical loading. Du and Olhoff [15], Nandy and Jog [16] optimized the structure to minimize 
the dynamic compliance and reduce the radiated sound power from the structure. The advantage 
of the proposed approach is that minimizing the dynamic compliance can move the natural 
frequencies away from the driving frequency, thus a reduction in sound radiation power can be 
achieved. The frequency response is considered as the objective function to improve the structural 
dynamic performance. Rong et al. [17] developed the Evolutionary Structural Optimization (ESO) 
method to control the structural dynamic responses in random excitation. Moshrefi-Torbati et al. 
[18] implemented a genetic algorithm to obtain the non-standard truss geometries that exhibit the 
reduction in structural dynamic response over a sought frequency range. Zheng et al. [19] studied 
the optimal placement of the rectangular damping patches to minimize the structural displacement 
of cylindrical shells through the Genetic Algorithm. Zheng [20] presented a comparison of 
optimization algorithms for CLD layout to minimize the maximum vibration response of the odd 
modes, which constituted the dominant acoustic radiation of a simply supported beam. Four 
different nonlinear optimization methods such as sub-problem approximation method, Sequential 
Quadratic Programming (SQP), the first-order method and Genetic Algorithm (GA) are used to 
optimize the CLD locations to minimize the displacement amplitude at the middle beam. Hussein 
et al. [21] used a genetic algorithm in a similar manner to ‘tune’ the frequency response of 
one-dimensional waveguides by adjusting the number of layers of alternate materials and their 
thicknesses. Alvelid et al. [22] proposed a modified gradient of damping materials to mitigate 
noise and vibration. Dede and Hulbert [23] presented a method for developing new truss-like 
sandwich structures that exhibit desirable mid-frequency vibratory characteristics. Yoon [24] 
proposed a topology optimization based on the SIMP method for the frequency response problem 
where the structure is subject to the wide excitation frequency domain. Shu et al. [25] proposed a 
level set based structural topology optimization to minimize frequency response. The general 
objective function is formulated as the frequency response minimizes at the specified points or 
surfaces with a predefined excitation frequency or a predefined frequency range under the volume 
constraint. But few researches have been performed on topology optimization of the dynamic 
response of the CLD structure.  
This paper proposes a structural topology optimization to minimize the frequency response of 
the CLD plates under harmonic excitations or stationary random excitations. A finite element 
model is developed to describe the dynamic performances of the CLD plate. The complex mode 
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superposition method is employed to calculate the steady-state response of the CLD structure. 
According to Pseudo-Excitation Method (PEM), the vibration analysis of stationary stochastic 
excitations can be transformed to the analysis of harmonic excitations. The topology optimization 
problem is thus formulated and the minimization of frequency response is considered as the 
objective function to reach an effective vibration suppression with less extra mass of CLD  
material. The SIMP method is used to interpolate the CLD material. Then, the sensitivity of the 
objective function to design variables is derived by using the adjoint variable method. The MMA 
is adopted to search the optimal layout of CLD material on plates. Numerical examples are then 
given to verify the proposed optimized method. 
2. Finite element model 
The CLD structure consists of a base plate covered with CLD material. The base plate and the 
constrained layer are isotropic and linearly elastic and their shear strains are negligible. The VEM 
layer dissipates the vibrational energy. The modulus of elasticity of the VEM layer is complex, 
such that ܧ௩ = ܧ଴(1 + ݆ߟ), where ߟ is the loss factor and ݆ = √−1.  
Fig. 1 is a schematic drawing of an element in finite element model of the CLD plate. The 
element is a four-noded rectangular element whose dimensions are 2ܽ×2ܾ, while the thicknesses 
of the base layer, the VEM layer and constrained layer are ߜ௣, ߜ௩ and ߜ௖, respectively. 
 
Fig. 1. The schematic drawing of an element in finite element model of CLD plate 
The plate/CLD elements here are two-dimensional elements bounded by four nodal points. 
Each node has seven degrees of freedom to describe the longitudinal displacements of the 
constrained layer, ݑ௖, ݒ௖, the longitudinal displacements of the base plate, ݑ௣, ݒ௣, the transverse 
deflection ݓ  and the slopes of the deflection line, ߠ௫ , ߠ௬ . Accordingly, each node of the 
four-noded element has seven degrees of freedom corresponding to the five displacement 
components: ሼݑ௖ ݒ௖ ݑ௣ ݒ௣ ݓ ߠ௫ ߠ௬ሽ். The geometry and deformation of the plate with 
CLD treatment is as shown in Fig. 2. The rotation degrees of freedom can be expressed in terms 
of the gradients of lateral deflection, such that: 
ߠ௫ =
∂ݓ
∂ݕ , (1)
ߠ௬ = −
∂ݓ
∂ݔ . (2)
The strain-displacement relations between layers are as follows: 
ߝ௫௫௜ =
∂ݑ௜
∂ݔ − ݖ
∂ଶݓ
∂ݔଶ , ߝ௬௬
௜ = ∂ݒ௜∂ݕ − ݖ
∂ଶݓ
∂ݕଶ , ߝ௫௬
௜ = ∂ݑ௜∂ݕ +
∂ݒ௜
∂ݔ − 2ݖ
∂ଶݓ
∂ݔ ∂ݕ,
ߛ௭௫௩ =
݀
ߜ௩
∂ݓ
∂ݔ +
ݑ௖ − ݑ௣
ߜ௩ , ߛ௭௬
௩ = ݀ߜ௩
∂ݓ
∂ݕ +
ݒ௖ − ݒ௣
ߜ௩ , ݅ = ݌, ܿ,
(3)

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-a a
b

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where ݀ = ߜ௩ + 0.5(ߜ௖ + ߜ௣) is the distance from the plate’s neutral surface to the CL’s central 
surface. 
The spatial distributions of the longitudinal displacements ݑ௖ , ݒ௖ , ݑ௣ , ݒ௣  as well as the 
transverse deflection ݓ over any element of the plate with CLD treatment can be given by: 
ݑ௖ = ܽଵ + ܽଶݔ + ܽଷݕ + ܽସݔݕ, ݒ௖ = ܽହ + ܽ଺ݔ + ܽ଻ݕ + ଼ܽݔݕ,
ݑ௣ = ܽଽ + ܽଵ଴ݔ + ܽଵଵݕ + ܽଵଶݔݕ, ݒ௣ = ܽଵଷ + ܽଵସݔ + ܽଵହݕ + ܽଵ଺ݔݕ,
ݓ = ܽଵ଻ + ܽଵ଼ݔ + ܽଵଽݕ + ܽଶ଴ݔଶ + ܽଶଵݔݕ + ܽଶଶݕଶ + ܽଶଷݔଷ
     +ܽଶସݔଶݕ + ܽଶହݔݕଶ + ܽଶ଺ݕଷ + ܽଶ଻ݔଷݕ + ܽଶ଼ݔݕ,
(4)
where the constants ܽ = ሼܽଵ ܽଶ … ܽଶ଼ሽ  are determined in terms of the twenty eight 
components of the node deflection vector ݑ௘ of the element which is bonded by the nodes 1, 2, 3, 
4 as shown in Fig. 1. The node deflection vector ݑ௘ is given by: 
ݑ௘ = [ݑଵ ݑଶ ݑଷ ݑସ]், (5)
where: 
ݑ௜ = [ݑ௖௜ ݒ௖௜ ݑ௣௜ ݒ௣௜ ݓ௜ ߠ௫௜ ߠ௬௜]், ݅ = 1, 2, 3, 4. (6)
 
Fig. 2. Geometry and deformation of the plate with CLD treatment 
Therefore, the deflection [ݑ௖ ݒ௖ ݑ௣ ݒ௣ ݓ ߠ௫ ߠ௬]் at any location inside the element 
can be obtained from: 
[ݑ௖ ݒ௖ ݑ௣ ݒ௣ ݓ ߠ௫ ߠ௬]் = [ ଵܰ ଶܰ ଷܰ ସܰ  ହܰ ଺ܰ ଻ܰ]்ݑ௘, (7)
where ଵܰ, ଶܰ, ଷܰ, ସܰ, ହܰ, ଺ܰ and ଻ܰ are the spatial interpolating vectors corresponding to ݑ௖, ݒ௖, 
ݑ௣, ݒ௣, ݓ, ߠ௫ and ߠ௬ respectively. 
The total kinetic energy of the composite plate is the sum of all kinetic energies from the base 
plate, the VEM layer and the constrained layer: 
ܶ = ௣ܶ + ௩ܶ + ௖ܶ. (8)
For the ݅th layer in the ݁th element: 
௜ܶ௘ =
1
2 ߩ௜ߜ௜ ම ቈ൬
∂ݑ௜
∂ݐ ൰
ଶ
+ ൬∂ݒ௜∂ݐ ൰
ଶ
+ ൬∂ݓ∂ݐ ൰
ଶ
቉
௏
ܸ݀ = 12 ݑሶ
௘்ۻ௜௘ݑሶ ௘, (9)
where ۻ௜௘ is the mass matrix of the ݁th element of the ݅th layer. 
Similarly, the total potential energy of the composite plate is the sum of all potential energies 
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from the base plate, the VEM layer and the constrained layer: 
ܧ = ܧ௣ + ܧ௩ + ܧ௩ఉ + ܧ௖. (10)
For the base plate and constrained layer in the ݁th element: 
ܧ௜௘ =
1
2 මߝ௜் ߪ௜௏ ܸ݀ =
1
2 ݑሶ
௘்۹௜௘ݑሶ ௘, ݅ = ݌, ܿ, (11)
where ۹௜௘ is the stiffness matrix of the eth element of the ݅th layer. 
For the VEM layer in the ݁th element: 
ܧ௩௘ =
1
2 මߝ௩் ߪ௩௏ ܸ݀ =
1
2 ݑሶ
௘்۹௩௘ݑሶ ௘, ܧ௩ఉ௘ =
1
2 ම൫ܩߚ௫
ଶ + ܩߚ௬ଶ൯
௏
ܸ݀ = 12 ݑሶ
௘்۹௩ఉ௘ ݑሶ ௘, (12)
where ۹௩௘ and ۹௩ఉ௘  are the stiffness matrices of the eth element of the VEM layer. ߚ௫  and ߚ௬  are 
respectively the rotational component of the node along the ݕ axis and ݔ  axis. ܩ  is the shear 
modulus. 
Assembly of the mass and stiffness matrices yields the global mass and stiffness matrices. The 
global mass and stiffness matrices as well as the equation of the entire plate/CLD system are given 
as follows: 
ۻ = ෍(ۻ௣௘ + ۻ௩௘
௡
௘ୀଵ
+ ۻ௖௘), (13)
۹ோ = ෍(۹௣௘ + ۹௩௘
௡
௘ୀଵ
+ ۹ఉ௩௘ + ۹௖௘), (14)
۹ூ = ෍(۹௩௘
௡
௘ୀଵ
+ ۹ఉ௩௘ )ߟ, (15)
ۻݑሷ + (۹ோ + ݆۹ூ)ݑ = ݂, (16)
where ۻ and ۹ are the global mass and stiffness matrices respectively. ۹ோ and ۹ூ are the real and 
imaginary parts of the stiffness matrix. Also, ݂  is external disturbance force vector of the 
plate/CLD system. It is worth remembering that the imaginary (dissipative) component results 
from the normal strain and shear strain in the VEM layer. 
When ݂ = ܨ݁௝ఠ௧  is harmonic force, and the steady state displacement response of the 
vibrating structure ݑ can be assumed to be: 
ݑ = ܷ݁௝ఠ௧. (17)
Substitute Eq. (17) into Eq. (16), it yields: 
(۹ோ + ݆۹ூ − ۻ߱ଶ)ܷ = ܨ, (18)
where the displacement response ܷ is complex, which is defined: 
ܷ = ܷோ + ݆ ூܷ. (19)
The displacement response ܷ can be found through solving Eq. (18) by using complex mode 
superposition method. Then, the vibration amplitude of the ݅th DOF displacement is given by: 
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ܣ௜ = ටܷோ௜ଶ + ூܷ௜ଶ . (20)
The vibration analysis of stationary stochastic excitations can be transformed by PEM to the 
analysis of harmonic excitations. Not only will the computational accuracy increase, but also the 
analysis scale can meet the requirements of practical engineering structures [26]. When the 
external excitation force ݂ is stationary stochastic excitation force with power spectrum density 
(PSD) ௙ܵ௙. Then, the pseudo-excitation ሚ݂ is defined as: 
ሚ݂ = ට ௙ܵ௙݁௝ఠ௧. (21)
The pseudo-displacement response ݑ෤  can be assumed to be: 
ݑ෤ = ෩ܷ݁௝ఠ௧. (22)
Substituting Eq. (21) into Eq. (16) yields: 
ۻݑ෤ሷ + (۹ோ + ݆۹ூ)ݑ෤ = ට ௙ܵ௙݁௝ఠ௧. (23)
Based on the analysis from Eq. (16) to Eq. (20), the pseudo-displacement response  
෩ܷ = ෩ܷோ + ෩ܷூ can be solved by the complex mode superposition method. 
According to PEM, the PSD of the ith degree of freedom stochastic displacement vector can 
be calculated as follows: 
ܵ௨೔௨೔ = ݑ෤௜∗ݑ෤௜் = ෩ܷ௜∗ ෩ܷ௜் = ෩ܷோ௜ଶ + ෩ܷூ௜ଶ , (24)
where ݑ෤௜∗ and ෩ܷ௜∗ are the conjugated function of ݑ෤௜்  and ෩ܷ௜ respectively. 
The variance of the response of the ݅th degree of freedom is expressed as: 
ߪ௨೔ଶ = න ܵ௨೔௨೔݀߱ = ෍ ܵ௨೔௨೔Δ߱. (25)
Substituting Eq. (24) into Eq. (25) yields: 
ߪ௨೔ଶ = ෍൫ ෩ܷோ௜ଶ + ෩ܷூ௜ଶ൯Δ߱. (26)
3. Formulation of the optimization problem 
The local frequency response is quite important for some practical problems [25]. So we are 
interested in finding the optimal distribution of a given amount of CLD treatment to minimize the 
vibration response at specified positions. In this way, minimizing the displacement response 
amplitudes at the specified positions is selected as the optimization objective when the CLD 
structures are subjected to harmonic excitations and minimizing the variance of the response at 
the specified positions is selected as the optimization objective when the CLD structures are 
subjected to stationary stochastic excitations. The consumption of the CLD material is limited 
strictly to reach the light weight of the structure. Therefore, when the CLD structures are subjected 
to harmonic excitations, the topology optimization problem can be formulated as: 
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ە
ۖۖ
۔
ۖۖ
ۓmin: ݏ = ෍ ෍ ܣ௜(߱௙)
௕
௜ୀଵ
௔
௙ୀଵ
,
s.t.:  ∑ ߩ௘ ௘ܸ
௡௘ୀଵ
∑ ௘ܸ௡௘ୀଵ ≤ ܸ
∗,
0 < ߩ୫୧୬ ≤ ߩ௘ ≤ 1, ݁ = 1,2, … , ݊.
     (27a)
When the CLD structures are subjected to stationary stochastic excitations, the topology 
optimization problem can be formulated as: 
ە
ۖ
۔
ۖ
ۓmin: ݏ = ෍ ߪ௨೔ଶ
௕
௜ୀଵ
,
s.t.: ∑ ߩ௘ ௘ܸ
௡௘ୀଵ
∑ ௘ܸ௡௘ୀଵ ≤ ܸ
∗,
0 < ߩ୫୧୬ ≤ ߩ௘ ≤ 1, ݁ = 1,2, … , ݊,
 (27b)
where ߩ௘ is the relative density of each CLD element attached to the base plate. Here it is assigned 
as design variable. ݊ is the number of elements in the design domain. ܽ is the number of excitation 
frequencies and ܾ is the number of specified points. ݏ denotes the objective function. ௘ܸ  is the 
volume of the ݁ th CLD element when ߩ௘ = 1 . ܸ∗  is the total volume fraction ratio of the 
plate/CLD system. ߩ௠௜௡ denotes the lower bound limit of the density variable, which is set to be 
0.001 in this paper. 
4. The sensitivity analysis 
The sensitivity of the objective function with respect to the design variables is required to solve 
the previous optimization problem. The sensitivity analysis is derived by using the adjoint variable 
method (AVM) [27], which is an efficient method in the problems involving a large number of 
design variables but only a few behavior functions.  
The sensitivity of the objective function with respect to the design variable ߩ௘ can be derived 
by: 
ۖە
۔
ۖۓ ∂ݏ
∂ߩ௘ = ෍ ෍
∂ܣ௜(߱௙)
∂ߩ௘
௕
௜ୀଵ
௔
௙ୀଵ
,
∂ܣ௜
∂ߩ௘ =
ܷோ௜
ܣ௜
∂ܷோ௜
∂ߩ௘ +
ூܷ௜
ܣ௜
∂ ூܷ௜
∂ߩ௘ ,
 (28a)
ۖە
۔
ۖۓ ∂ݏ
∂ߩ௘ = ෍
∂ߪ௨೔ଶ
∂ߩ௘
௕
௜ୀଵ
,
∂ߪ௨೔ଶ
∂ߩ௘ = 2 ෍ ቆ
෩ܷோ௜ 
∂ ෩ܷோ௜ 
∂ߩ௘ +
෩ܷூ௜
∂ ෩ܷூ௜ 
∂ߩ௘ ቇ Δ߱.
 (28b)
The sensitivity of the amplitude of displacement response amplitude with respect to the design 
variable ߩ௘ is expressed as: 
∂ ௜ܷ
∂ߩ௘ =
∂ܷோ௜
∂ߩ௘ + ݆
∂ ூܷ௜
∂ߩ௘ . (29)
The differential of Eq. (18) leads to: 
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൬∂۹ோ∂ߩ௘ + ݆
∂۹ூ
∂ߩ௘ −
∂ۻ
∂ߩ௘ ߱
ଶ൰ ܷ + (۹ோ + ݆۹ூ − ۻ߱ଶ)
∂ܷ
∂ߩ௘ = 0. (30)
Let ߙ௜ = [0, 0, … , 1, 0, … , 0]், with 1 at the ݅th entry and 0 elsewhere, it holds that: 
∂ ௜ܷ
∂ߩ௘ = ߙ௜ ൬
∂ܷோ
∂ߩ௘ + ݆
∂ ூܷ
∂ߩ௘൰ = ߙ௜
∂ܷ
∂ߩ௘. (31)
The adjoint variable is Λ = Λோ + ݆Λூ. When the adjoint variable premultiplies Eq. (30) and 
considers Eq. (31), it holds that: 
∂ ௜ܷ
∂ߩ௘ = ߙ௜
∂ܷ
∂ߩ௘ − Λ
் ൭൬∂۹ோ∂ߩ௘ + ݆
∂۹ூ
∂ߩ௘ −
∂ۻ
∂ߩ௘ ߱
ଶ൰ ܷ + (۹ோ + ݆۹ூ − ۻ߱ଶ)
∂ܷ
∂ߩ௘൱ 
      = ൫ߙ௜ − Λ்(۹ோ + ݆۹ூ − ۻ߱ଶ)൯
∂ܷ
∂ߩ௘ − Λ
் ൬∂۹ோ∂ߩ௘ + ݆
∂۹ூ
∂ߩ௘ −
∂ۻ
∂ߩ௘ ߱
ଶ൰ ܷ. 
(32)
Let the adjoint variables satisfy the following equation: 
ߙ௜ − Λ்(۹ோ + ݆۹ூ − ۻ߱ଶ)ܷ = 0. (33)
Eq. (33) is the adjoint equation. Once the adjoint vector is solved from Eq. (33), the derivative 
of the ith displacement response can be obtained: 
∂ ௜ܷ
∂ߩ௘ = −Λ
் ൬∂۹ோ∂ߩ௘ + ݆
∂۹ூ
∂ߩ௘ −
∂ۻ
∂ߩ௘ ߱
ଶ൰ ܷ, (34)
∂ܷோ
∂ߩ௘ = Λோ் ൭൬
∂ۻ
∂ߩ௘ ߱
ଶ − ∂۹ோ∂ߩ௘ ൰ ܷோ +
∂۹ூ
∂ߩ௘ ூܷ൱ + Λூ் ൭൬−
∂ۻ
∂ߩ௘ ߱
ଶ + ∂۹ோ∂ߩ௘ ൰ ூܷ +
∂۹ூ
∂ߩ௘ ܷோ൱, 
∂ ூܷ
∂ߩ௘ = −Λோ் ൭൬−
∂ۻ
∂ߩ௘ ߱
ଶ + ∂۹ோ∂ߩ௘ ൰ ூܷ +
∂۹ூ
∂ߩ௘ ܷோ൱ + Λூ் ൭൬
∂ۻ
∂ߩ௘ ߱
ଶ − ∂۹ோ∂ߩ௘ ൰ ܷோ +
∂۹ூ
∂ߩ௘ ூܷ൱. 
(35)
According to the Solid Isotropic Material with Penalization (SIMP) method [28], the element 
mass and stiffness matrices can be expressed as the product of the variable density and the entity 
element mass and stiffness matrices: 
ۻ௩(ߩ௘) = ߩ௘௣ۻ௩௘,   ۹௩(ߩ௘) = ߩ௘௤ ቀ൫۹௩௘ + ۹ఉ௩௘ ൯(1 + ݆)ቁ, (36)
ۻ௖(ߩ௘) = ߩ௘௣ۻ௖௘,   ۹௖(ߩ௘) = ߩ௘௤۹௖௘. (37)
The base plate is assumed unchanged, the global mass and stiffness matrices can be calculated 
as follows: 
ۻ = ෍(ۻ௣௘ + ߩ௘௣(ۻ௩௘
௡
௘ୀଵ
+ ۻ௖௘)), (38)
۹ோ = ෍(۹௣௘ + ߩ௘௤(۹௩௘
௡
௘ୀଵ
+ ۹ఉ௩௘ + ۹௖௘)), (39)
۹ூ = ෍ ߩ௘௤(۹௩௘
௡
௘ୀଵ
+ ۹ఉ௩௘ )ߟ. (40)
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In the above equations, ݌ and ݍ are penalty factors, with values of 1 and 3 respectively. The 
layout of CLD material can be determined by searching the optimal relative density of each 
element. 
The derivatives of the mass matrix and the stiffness matrix with respect to the design variables 
can be easily calculated with the following relations: 
∂ۻ
∂ߩ௘ = ۻ௩
௘ + ۻ௖௘, (41)
∂۹ோ
∂ߩ௘ = ݍߩ௘
௤ିଵ൫۹௩௘ + ۹ఉ௩௘ + ۹௖௘൯, (42)
∂۹ூ
∂ߩ௘ = ݍߩ௘
௤ିଵ൫۹௩௘ + ۹ఉ௩௘ ൯ߟ. (43)
Substituting Eqs. (35), (41)-(43) into Eq. (28a), the sensitivity of the displacement response 
amplitude can be obtained. 
In the same way, the sensitivity of the variance of the response can be obtained by AVM. 
5. Optimization strategy 
The Method of Moving Asymptotes (MMA) proposed by Svanberg [29] is used to solve the 
proposed optimization problem. The flowchart to obtain the optimal layout of CLD treatment in 
plate is demonstrated in Fig. 3. These procedures can be described in details as follows: 
 
Fig. 3. Block diagram of the optimization procedure 
Step 1: Establish the finite element model of the plate with fully coverage of CLD treatment. 
Step 2: Determine the volume fraction ratio ܸ∗  and initialize the design variables ߩ௘  
(݁ = 1, 2,…, ݊) by given uniform values. 
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Step 3: Calculate the global mass and stiffness matrices by the Eqs. (13)-(15). 
Step 4: Obtain the displacement response through solving the state Eq. (18) if the plate/CLD 
system is subjected to harmonic excitations. According to PEM, calculate the 
pseudo-displacement response and the variance of the response if the plate/CLD system is 
subjected to stationary random excitations. 
Step 5: The sensitivity is calculated by the AVM. 
Step 6: MMA method is used to update the design variables. 
Step 7: Step 3-step 6 are repeated until the constraint condition is satisfied. 
6. Numerical examples 
6.1. The plate/CLD system with two short edges clamped 
The plate/CLD system with two short edges clamped shown in Fig. 4 is considered as a 
numerical example. The main physical and geometrical parameters are listed in Table 1. The loss 
factor of VEM layer ߟ is 0.5.  
An external harmonic force ݂ = ܨ݁௝ఠ௧ is applied at the center of the plate with ܨ = 10 N and 
߱ = 2ߨ݂. The fraction ratio of CLD is restricted to 0.5, that means ܸ∗ = 0.5 and the initial values 
of the design variables are set to be 0.5. Since the location of the excitation force is always the 
main vibration source, therefore, the optimization objective here is to minimize the displacement 
response amplitude at the excitation point. 
 
Fig. 4. The plate/CLD system with two short edges clamped 
Table 1. Physical and geometrical parameters of CLD plate 
 Length (m) 
Width 
(m) 
Thickness 
(mm) 
Young’s modulus 
(MPa) 
Density 
(kg/m3) 
Poisson’s 
ratio 
Base layer 0.4 0.2 0.8 70 2800 0.3 
Damping layer 0.4 0.2 0.05 12(1+jߟ) 1200 0.495 
Constrained 
layer 0.4 0.2 0.13 70 2700 0.3 
Table 2. A comparison of the objective function between the initial and optimal design 
Excitation frequency (Hz) 10 100 150 [10-100] [100-200] [200-300] 
The initial design (m) 0.0055 0.0012 0.013 10.43 3.32 1.13 
The optimal design (m) 0.0041 0.00083 0.0027 7.91 1.91 0.52 
Three different excitation frequencies 10 Hz, 100 Hz and 150 Hz are addressed to obtain the 
optimal layout of CLD treatment. The results are demonstrated in Fig. 5(a)-(c). It is seen that the 
optimal layouts of the CLD treatment are different when different excitation frequencies are 
applied. Therefore, the dynamic design conditions such as excitation frequency should be 
considered in the dynamic structure design [25]. Fig. 6(a)-(c) show iteration histories of the 
objective function. It is noted that the objective function decreases after certain iteration number 
is achieved and finally convergences to a stable value. A comparison of the objective function 
before and after optimization is shown in Table 2. The corresponding displacement response 
amplitudes under different excitation frequency reduce 25 %, 31 % and 79 % respectively. 
f
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a) 10 Hz 
 
b) 100 Hz 
 
c) 150 Hz 
 
d) [10-100] Hz 
 
e) [100-200] Hz 
 
f) [200-300] Hz 
Fig. 5. The optimal distributions of CLD material 
 
a) 10 Hz 
 
b) 100 Hz 
 
c) 150 Hz 
 
d) [10-100] Hz 
 
e) [100-200] Hz 
 
f) [200-300] Hz 
Fig. 6. Iteration histories of objective function value 
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In addition, the minimization of the displacement response amplitude over a frequency range 
is also selected as the objective function to verify the proposed approach. These frequency ranges 
are [10-100] Hz, [100-200] Hz and [200-300] Hz. The frequency interval is 0.1 Hz when the 
displacement response of the plate/CLD system is calculated. It can be seen that the optimal layout 
of CLD treatment to target a frequency or a frequency range is different obviously. However, it is 
clear from Table 2 that whatever frequency or frequency range, the displacement response 
amplitude after optimal layout is less than the original layout greatly. This verifies the influence 
of different layout of CLD treatment on displacement response amplitude of plate/CLD system. 
Fig. 6(d)-(f) show correlated iteration histories of the objective function. The same results are 
found. It is also noted that the displacement responses are reduced 24 %, 42 % and 54 % 
respectively when it is compared to the initial layout. 
 
Fig. 7. FRFs of the initial and optimal design of CLD treatment 
Fig. 7 shows frequency response functions (FRFs) of the initial and optimal layouts to target 
certain frequency range. It is noted that the peaks of frequency response at each excitation 
frequency range are considerably suppressed after topology optimization, which confirms that the 
optimal design can provide more effective vibration suppression. On the other hand, it is seen that 
the shift of frequency happens after topology optimization, although this shift is small. The 
comparisons of modal damping ratio at different frequency ranges are listed in Tables 3-5. It can 
be seen that all modal damping ratios increase after topology optimization although the total 
displacement response amplitudes over these frequency range are suppressed. It is seen that the 
modal damping ratios in each excitation frequency range are considerably increased after topology 
optimization. 
Table 3. A comparison of modal damping ratios over frequency range [10, 100] Hz 
Modal damping ratio First Second 
The initial design 0.00082 0.0015 
The optimal design [10-100] Hz 0.0094 0.0091 
Table 4. A comparison of modal damping ratios over frequency range [100, 200] Hz 
Modal damping ratio Third Fourth Fifth 
The initial design 0.0017 0.0021 0.0016 
The optimal design [100-200] Hz 0.010 0.0086 0.0082 
Table 5. A comparison of modal damping ratios over frequency range [200, 300] Hz 
Modal damping ratio Sixth Seventh 
The initial design 0.0027 0.0029 
The optimal design [200-300] Hz 0.0101 0.0086 
When the stationary stochastic excitation force with ௙ܵ௙ = 1 N2/Hz is applied at the center of 
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the plate, the minimization of the variance of the response at the excitation point is selected as the 
optimization objective. The fraction ratio of CLD is restricted to 0.5. The concerned frequency 
ranges are respectively [10-100] Hz and [100-200] Hz respectively. The optimal layouts of CLD 
treatment on the plate are shown in Fig. 8(a)-(b). 
 
a) [10-100] Hz 
 
b) [100-200] Hz 
Fig. 8. The optimal distributions of CLD material 
 
a) [10-100] Hz 
 
b) [100-200] Hz 
Fig. 9. Iteration histories of objective function value 
Fig. 9(a)-(b) show correlated iteration histories of the objective function. It is noted that the 
objective function decreases after certain iteration number is achieved and finally convergences 
to a stable value. A comparison of the objective function before and after optimization is shown 
in Table 6. The corresponding the variances of the response reduce 89 % and 90 % respectively. 
Table 6. A comparison of the objective function between the initial and optimal design 
Frequency range (Hz) [10-100] [100-200] 
The initial design (m2) 0.040 0.0032 
The optimal design (m2) 0.0045 0.0005 
6.2. The cantilever plate/CLD system 
Fig. 10 is a cantilever plate/CLD system with the length 0.2 m and width 0.1 m. The left short 
edge is clamped. Other physical and geometrical parameters are the same as the first example. The 
unit harmonic force is applied at the mid-point of the free edge. The goal of the design is to 
minimize the sum of vibration amplitudes at excitation point (B) and two end points of the free 
edge (A and C). In a similar way, the total displacement response amplitudes at three excitation 
frequencies or over three excitation frequency ranges are selected as optimized objectives. The 
interval of frequency range is still 0.1 Hz when the displacement response is calculated. 
 
Fig. 10. The cantilever plate/CLD system 
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a) 10 Hz 
 
b) 50 Hz 
 
c) 100 Hz 
 
d) [10-50] Hz 
 
e) [50-100] Hz 
 
f) [100-150] Hz 
Fig. 11. The optimal distributions of CLD material  
 
a) 10 Hz 
 
b) 50 Hz 
 
c) 100 Hz 
 
d) [10-50] Hz 
 
e) [50-100] Hz 
 
f) [100-150] Hz 
Fig. 12. Iteration histories of objective function value  
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The optimal results are shown in Fig. 11(a)-(f). Fig. 12(a)-(f) demonstrate the iteration 
histories of the objective function when different targets are considered. The similar results are 
seen that the objective function reduces gradually until a stable value is achieved. A comparison 
of the objective function values between the initial and optimal design is illustrated in Table 7. It 
can be seen that the corresponding amplitudes of the displacement response at different excitation 
frequencies and different excitation frequency ranges have a reduction 31 %, 16 %, 47 %, 28 %, 
14 % and 37 %, respectively. 
Table 7. A comparison of the objective function between the initial and optimal design 
Excitation frequency (Hz) 10 50 100 [10-50] [50-100] [100-150] 
The initial design (m) 0.029 0.0032 0.0032 24.92 1.59 1.93 
The optimal design (m) 0.020 0.0027 0.0017 18.01 1.37 1.22 
 
Fig. 13. FRFs of the initial and optimal designs 
Fig. 13 illustrates FRFs of initial and optimal designs when different targets are concentrated. 
The same results as the first example are seen. For the excitation frequency range [10-50] Hz, the 
first modal damping ratio is increased from 0.00036 to 0.0082 after optimization. The second 
modal damping ratio is increased from 0.0022 to 0.0090 after optimization with the excitation 
frequency range [50-100] Hz and the third modal damping ratio is increased from 0.0016 to 0.0129 
after optimization with the excitation frequency range [100-150] Hz. 
When the stationary stochastic excitation force with ௙ܵ௙ = 0.2 N2/Hz is applied at the 
mid-point of the free edge, the goal of the design is to minimize the sum of the variances of the 
response at three response points. The fraction ratio of CLD is restricted to 0.5. The concerned 
frequency ranges are respectively [10-100] Hz and [100-200] Hz respectively. The optimal layouts 
of CLD treatment on the plate are shown in Fig. 14(a)-(b). 
 
a) [10-100] Hz 
 
b) [100-200] Hz 
Fig. 14. The optimal distributions of CLD material 
Fig. 15(a)-(b) show correlated iteration histories of the objective function. It is noted that the 
objective function decreases after certain iteration number is achieved and finally convergences 
to a stable value. A comparison of the objective function before and after optimization is shown 
in Table 8. The corresponding the variances of the response reduce 36 % and 91 % respectively. 
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a) [10-100] Hz 
 
b) [100-200] Hz 
Fig. 15. Iteration histories of objective function value 
Table 8. A comparison of the objective function between the initial and optimal design 
Frequency range (Hz) [10-100] [100-200] 
The initial design (m2) 0.14 0.0013 
The optimal design (m2) 0.09 0.00012 
7. Conclusion 
In this article, the finite element model is developed to solve dynamic optimization problem 
of the plate/CLD system. The complex mode superposition method is employed to calculate the 
steady-state response of the plate/CLD system under harmonic excitations. According to PEM, 
the vibration analysis of stationary stochastic excitations can be transformed to the analysis of 
harmonic excitations. The frequency response of plate/CLD system under harmonic excitations or 
stationary stochastic excitations is minimized by means of the topology optimization design of 
CLD treatment. The adjoint variable method is used to derive the sensitivity respect to design 
variable. Some important conclusions are summarized as follows: 
1) The frequency response of plate/CLD system at one point or several points can be assigned 
as the objective function, which is possible to extend the local vibration control to the global 
vibration control. 
2) For harmonic excitation, either external excitation frequency or frequency range may be 
selected as the targets in numerical examples, this provides an available method to control actual 
structural vibration through the optimal layout of CLD treatment on plates. 
3) For stationary stochastic excitations, the concerned frequency ranges are selected as the 
targets in numerical examples, an available method is proposed to suppress the structural vibration 
through the optimal layout of CLD treatment on plates. 
4) The numerical results demonstrate the effectiveness of the proposed structural dynamic 
topology optimization method to obtain the optimal layout of CLD treatment. 
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